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Abstract 

Gaussian random field on general ultrametric space is introduced as a solu- 
tion of pseudodifFerential stochastic equation. Covariation of the introduced 
random field is computed with the help of wavelet analysis on ultrametric 
spaces. 

Notion of ultrametric Markovianity, which describes independence of con- 
tributions to random field from different ultrametric balls is introduced. We 
show that the random field under investigation satisfies this property. 
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1 Introduction 

In the present paper we apply analysis of ultrametric pseudodifferential operators 
and ultrametric wavelets to investigation of Gaussian random fields, which are so- 
lutions of stochastic pseudodifferential equations on general ultrametric spaces (ac- 
tually, these spaces obey some properties which guarantee, for instance, local com- 
pactness of these spaces). This construction is a far generahzation of the p-adic 
Brownian motion of Bikulov and Volovich jl] , which is a solution of p-adic stochas- 
tic pseudodifferential equation 

D'^ijix) = (f){x) 

Here D"' is the Vladimirov operator of p-adic fractional derivation |2] and (j) is the 
white noise on the field of p-adic numbers Qp. 

The main result of the present paper is theorem ^1 (see Section 3), which 
schematically can be formulated as follows. 
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Theorem Let X be an ultrametric space (satisfying some natural properties) , 
V a measure on X , for which measures of all balls are positive, T be positive pseu- 
dodifferential operator on this space of the form 

Tf{x) = I T(sup(x,2/))(/(a:) - f{y))du{y) 

and let some conditions of convergence be satisfied. 

Let <p{x) be white noise on X (i.e. Gaussian mean zero real valued 6-correlated 
generalized random field). 

Then the solution of the stochastic pseudo differential equation 

is a Gaussian mean zero random field with covariation 

(^^(x')) = -X;l^.,.>)i^-\snpix,x'))+ l,sup(x,x')) - 

I>sup{x,x') 

The corresponding Gaussian measure is a-additive on the a-algebra of weak 
Borel subsets of the space of distributions D\X). 

We also introduce the definition of uhrametric Markovianity for random fields of 
ultrametric argument, and show that the described by the theorem above random 
field is ultrametric Markovian. 

In the theorem above ultrametric space X should satisfy some natural properties 
(which imply, for instance, local compactness). The construction of solutions of 
stochastic pseudodifferential equations on ultrametric spaces given in this article can 
be generalized on arbitrary ultrametric spaces. In the general case the space D{X) of 
test functions is not nuclear and one could not apply the theorem of Minlos-Sazonov. 
However, even in this case it is possible to show cr-additivity of the corresponding 
Gaussian measure on D\X) by using results of the paper by O.G.Smolyanov and 
S.V.Fomin 0. 

The present paper continues development in the field of ultrametric analysis 
and p-adic mathematical physics, see |2] for other results in this direction. We use 
analysis of general ultrametric pseudodifferential operators and wavelets, developed 
in |4j-0. 

For exposition of theory of jo-adic pseudodifferential operators (PDO) see [21. It 
was found j2] that p-adic PDO (which can be diagonalized by the Fourier trans- 
form) have also bases of locally constant eigenvectors with compact support (i.e. 
vectors of these bases are functions in the space of test functions D{Qp)). In [7j 
an example of such a basis was found, which is gives the construction of basis of 
wavelets on Qp. In [HI generalizations of construction of jo-adic wavelets jZj were 
built for locally compact abelian groups. In |in]^[I21 ]?-adic wavelet bases were used 
for diagonalization of p-adic PDO, which can not be diagonalized by the Fourier 
transform. In theory of wavelets and pseudodifferential operators on general 

ultrametric spaces (which do not possess any group structure) was constructed. In- 
troduced there ultrametric wavelets are eigenvectors of ultrametric PDO. Therefore, 
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on general ultrametric space there exists an analysis of PDO and of wavelets, and 
wavelet transform play the role of the Fourier transform, used in the analysis on 
abelian groups. 

For other results in ultrametric an p-adic mathematical physics see [T3] |21j. 
For instance, in cite jTHI, [Ej ]?-adic strings were investigated. In (TH], [IE] p-adic 
analysis was applied to investigation of spin glasses in the replica approach. 

The exposition of the present paper is as follows. 

In Section 2 we put the exposition of results in ultrametric PDO, wavelets, and 
distribution theory. 

In Section 3, using the analysis of ultrametric wavelets, we construct Gaussian 
random field, which is the solution of pseudodifferential stochastic equation on gen- 
eral ultrametric space. We introduce the definition of ultrametric Markovianity and 
show that the obtained random field is ultrametric Markovian. 

In Section 4 (the Appendix) we discuss the Minlos-Sazonov theorem about o- 
additivity of measures on topological vector spaces. 

2 Ultrametric analysis 

In this Section we put the results on ultrametric analysis, which mainly may be 
found in 0, 0. 

We introduce ultrametric wavelet analysis, analysis of ultrametric pseudodiffer- 
ential operators (PDO), and ultrametric distribution theory. 

Rich theory of ultrametric wavelets and pseudodifferential operators, and espe- 
cially the fact that ultrametric PDO can be diagonalized by ultrametric wavelet 
transform shows that analysis of ultrametric wavelets plays the role of the Fourier 
analysis for general ultrametric spaces. Since the existence of the Fourier trans- 
form is related to structure of abelian group, this shows that that the ultrametricity 
property actually is the analogue of the group property. 

2.1 Ultrametric PDO 

Definition 1 An ultrametric space is a metric space with the ultrametric \xy\ 
(where \xy \ is called the distance between x and y ), i.e. the function of two variables, 
satisfying the properties of positivity and non degeneracy 

\xy\ > 0, \xy\ = =^ x = y; 

symmetricity 

\xy\ = \yx\; 

and the strong triangle inequality 

\xy\ < max(|a;2;|, \yz\), Wz. 

We say that ultrametric space X is regular, if this space satisfies the following 
properties: 
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1) The set of all the balls of nonzero diameter in X is no more than countable; 

2) For any decreasing sequence of balls {D^''^, D^^^ D D^^+^\ diameters of the 
balls tend to zero; 

3) Any ball is a finite union of maximal subballs. 

For ultrametric space X consider the set T{X)^ which contains all the balls in 
X of nonzero diameter, and the balls of zero diameter which are maximal subbals 
in balls of nonzero diameter. Remind that non-maximal vertex J of a directed tree 
has the branching index p/, if this vertex is connected to pi + 1 other vertices by 
links (and to pi other vertices in the case of the maximal vertex). The following 
theorem can be found in P (the analogous result was obtained in , see also |23I 
where it was presented). 

Theorem 2 The set T{X) which corresponds to the regular ultrametric space X 
with the partial order, defined by inclusion of balls, is a directed tree where all 
neighbor vertices are comparable. 

Branching index for vertices of this tree may take finite integer non-negative 
values not equal to one, and the maximal vertex (if exists) has the branching index 
> 2. Bails of nonzero diameter in X correspond to vertices of branching index > 2 in 
T{X), and the balls of zero diameter which are maximal subbals in balls of nonzero 
diameter correspond to vertices of branching index in T{X) . 

Remind that a directed set is a partially ordered set, where for any pair of 
elements there exists the unique supremum with respect to the partial order. The 
ball / the ball in X is a vertex in T{X). 

Consider the set X[jT{X), where we identify the balls of zero diameter from 
T[X) with the corresponding points in X. We call T{X) the tree of balls in X, and 
X[jT{X) the extended tree of balls. One can say that X[}T{X) is the set of all 
the balls in X, of nonzero and zero diameter. 

Introduce the structure of a directed set on X{jT{X). At the tree T{X) this 
structure is the following: J < J if for the corresponding balls I G J. 

The supremum 

snp{x,y) = I 

of points x,y & X is the minimal ball /, containing the both points. 
Analogously, for J G T{X) and x G X the supremum 

sup(2;, J) = I 

corresponds to the minimal ball /, which contains the ball J and the point x. 

Conversely, starting from a directed tree one can reproduce the corresponding 
ultrametric space 0,10!, which will be the absolute of the directed tree. 

Consider a cr-additive Borel measure p with countable or finite basis on regular 
ultrametric space X, such that for arbitrary ball D its measure I'iD) is positive 
number (i.e. is not equal to zero). 
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We study the ultrametric pseudodifferential operator (or the PDO) of the form 
considered in [H] 

Tfix) = I r(sup(x,y))(/(a;) - fiy))duiy) 

Here T{I) is some nonnegative function on the tree T(X). Thus the structure of 
this operator is determined by the direction on X \JT{X). This kind of uhrametric 
PDO we call the snp-operator. 

2.2 Ultrametric wavelets 

Build a basis in the space L^(X, z/) of quadratically integrable with respect to the 
measure u functions, which we will call the basis of ultrametric wavelets. 

Denote Vj the space of functions on the absolute, generated by characteristic 
functions of the maximal subballs in the ball / of nonzero radius. Correspondingly, 
VP is the subspace of codimension 1 in Vj of functions with zero mean with respect 
to the measure u. Spaces for the different I are orthogonal. Dimension of the 
space is equal to p/ — 1. 

We introduce in the space some orthonormal basis {ipij}, j = I, ... ,p — I. 
The next theorem shows how to construct the orthonormal basis in L'^{X, u), taking 
the union of bases {ipij} in spaces V/* over all non minimal /. 

Theorem 3 1) Let the ultrametric space X contains an increasing sequence of 
embedded balls with inhnitely increasing measure. Then the set of functions {i^ij}, 
where I runs over all non minimal vertices of the tree T, j = 1, ... ,p/ — 1 is an 
orthonormal basis in LP' (X, v) . 

2) Let for the ultrametric space X there exists the supremum of measures of the 
balls, which is equal to A. Then the set of functions {tpij, A~2}, where I runs over 
all non minimal vertices of the tree T , j = 1, . . . ,pj — 1 is an orthonormal basis in 
L\X,u). 

The introduced in the present theorem basis we call the basis of ultrametric 
wavelets. 

The next theorem shows that the basis of ultrametric wavelets is the basis of 
eigenvectors for ultrametric PDO. 

Theorem 4 Let the following series converge: 

J2TiJ){u{J)-iy{J-l,R))<oo (1) 

J>R 

Then the operator 

Tfix) = J r(sup(x,2/))(/(a;) - fiy))duiy) 
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is self-adjoint, has the dense domain in L^(X, z/), and is diagonal in the basis of 
ultranietric wavelets from the theorem\^ 



T%ljij{x) = Xii/Jijix) 



(2) 



with the eigenvalues: 



Xj = T{I)v{I) + T{J){v{J) - u{J - 1, /)) 



(3) 



J>i 



Here [J — 1,1) is the maximal vertex which is less than J and larger than I. 
Also the operator T kills constants. 

2.3 Distributions 

In present Section we introduce the spaces of (complex valued) test and generalized 
functions (or distributions) on ultrametric space X. This construction is an analogue 
of the construction of the Bruhat-Schwartz space in p-adic case, which can be found 



Definition 5 Function f on (ultrametric) space X is called locally constant, if for 
arbitrary point x G X there exists a positive number r (depending on x), such that 
the function f is constant on the ball with center in x and radius r: 



The next definition is an analogue of definition of the Bruhat-Schwartz space in 
p-adic case. 

Definition 6 The space of test functions D{X) on ultrametric space X is defined 
as the space of locally constant functions with compact support. 

Remind that a set (in particular, linear space) is filtrated by a directed family 
of subsets (in particular, linear subspaces), if: 

1) To any relation of order in this family corresponds inclusion of subsets. This 
means that if A < B, then exists the embedding of A into B); 

2) Any element of the set lies in some set of the family. 

In the case of filtrated linear spaces all embeddings are linear. 

Consider the tree T = T{X) of balls in ultrametric space X. Introduce the 
filtration of the space D{X) of test functions by finite dimensional linear subspaces 
D{S), where 5 C T is a finite subtree of the following form. 

Definition 7 The subset S in a directed tree T is called of the regular type, iff: 

1) S is finite; 

2) S is a directed subtree in T (where the direction in S is the restriction of the 
direction in T onto S ); 

3) The directed subtree S obey the following property: if S contains a vertex I 
and a vertex J: J < I, \IJ\ = 1, then the subtree S contains all the vertices L in 



inia. 



fix) = f{y) 



Wy : \xy\ < r 



T: L<I, \IL\ = 1. 
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Remind that the distance between vertices of a tree is the number of edges of 
the path connecting these vertices. The maximal vertex in S we will denote K. 

We denote by J the ball in X, corresponding to vertex J of T{X), and by xj we 
denote the characteristic function of this ball. In this language we consider a finite 
set S of balls in ultrametric space X, characterized by the properties: 

1) If S contains balls / and J, then it contains sup(/, J); 

2) If S contains balls / and J: / C J, then S contains all the balls L: I G L G J; 

3) If S contains balls / and J, where J is a maximal subball in /, then it contains 
all the maximal subballs in /. 

Definition 8 For the finite subtree S G T of the regular type consider the space 
D[S), which is the linear span of characteristic functions xj with J G S ^. 

We consider this space as the subspace in the space L^(X, z/) of quadratically 
integrable with respect to the measure u functions on X. 

Dimension of D[S) is equal to the number of minimal elements in S. 

The space D{S) has the natural topology (which can be described as the topology 
of pointwise convergence), since D{S) is finite dimensional. The space D{X) of test 
functions on X is the inductive limit of spaces D{S): 

D{X) = lim inds^T D{S) (4) 

Since all spaces D{S) are finite dimensional, the restriction of the topology of 
D{S) on any subspace D{So), S D Sq, coincides with the original topology of D{So). 
Thus the inductive limit (j^ is, in fact, the strict inductive limit p. 57. By 
proposition 6.5, 25J, p. 59, a set i? in a strict inductive limit of a countable family 
of locally convex spaces {En} is bounded iff there exists n such that B G En and 
bounded in it. This implies the proposition below. 

Proposition 9 The sequence {fn} ^ D{X) converge, if this sequence lyes in some 
subspace D{S) of the filtration and converges (and convergence in finite dimensional 
space D{S) is defined uniquely). 

We also pay attention that by corollary of theorem 7.4, [23], p. 103, we have the 
following proposition. 

Proposition 10 The space D{X) is nuclear. 

Definition 11 Distribution (or generalized function) on X is a linear functional on 
the space D{X) of test functions. 

It is easy to see that this functional automatically will be continuous (since 
convergence in the space of test functions is defined through the convergence in 
finite dimensional subspaces). The linear space of generalized functions we denote 
D'{X). The convergence in D'{X) is defined as a weak convergence of functionals. 
Thus D'{X) is conjugated to D{X) with the weak topology. 

We remind that 

D'iX)=f]D'iS) 
since D{X) is the strict inductive limit. 

^Such subspaces are important in relation to replica method. 
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3 Construction of the random field 

Let X be ultrametric space, satisfying the properties 1-3 of the previous Section 
(and therefore we have the analysis of pseudodifferential operators and distribution 
theory on this space). 

We define the white noise as the generahzed Gaussian real valued random 
field on X with mean zero and the 5-like covariation 

{(t){x)(j){x')) = 6{x — x') 

where (5-function is understood in the sense of distributions in ultrametric space X. 

Then the Minlos-Sazonov theorem, see the Appendix, implies the following 
proposition. 

Proposition 12 The Gaussian measure, corresponding to the white noise (p{x), 
is a-additive on the a-algebra of weak Borel subsets of the space of distributions 
D\X). 

Assume we have an ultrametric space X, satisfying the necessary properties, and 
T is an ultrametric PDO on this space: 



Tf{x) = J T{snp{x,y)){f{x) - f{y))du{y) 
Consider the stochastic equation 

r^(x) = (5) 

where is the white noise. 

Remind that the operator T is diagonal in the basis of ultrametric wavelets ^ ij'- 

Consider the expansion of the white noise over the wavelets 
(t) = ^dij^ij, djj = j (j){x)'^ij{x)dp{x) 

The coefficients dij are mean zero Gaussian random variables, with the quadratic 
correlation 



{d*jjdj'f) = J J {(f){x)4>{x'))'^ ij^x)"^ i>j'{x')du{x)diy{x') = 5ir5jj, 

since the wavelets are orthonormal, i.e. dij are independent ^-correlated random 
variables. 

Then by ^ and since the wavelets are basis, we get the solution 

^(x) = T-^{x) = \-jHi,^i,{x) (6) 

This is a Gaussian mean zero generalized random field (at least formally). 
Compute the quadratic correlation of (0) 



(^(x)^(x')) = EA7'*/.(^)*/.(^') (7) 
Ij 
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Lemma 13 Correlation function (0) has the expression 

I>s\ip{x,x') 

(8) 

in the form of the series over the increasing path in the tree T{X), which begins in 
sup(x, x'). This expression is correct if and only if both the series 

Y.nJ){v{J)-v{J-l,R)) (9) 

J>R 

and the series 

Y^\fiu-\l-l,R)-v-\l)) (10) 



I>R 

where 

Xj = T{I)v{I) + nJ)HJ) - v{J - 1, /)) 
J>I 

converge for fixed vertex R. 

Proof Taking into account supports of the wavelets, series (jZj) over the tree T 
(indexed by /) reduces to the series over the increasing path in the tree, starting in 
sup(x, x'): 

Y xfw;;{x)^rA^') 

I ,j:I>swp{x,x') 

Take the sum over j. For fixed / let us note that 

j=0 j=Q 

where P^j is the orthogonal projector in L'^{X, u) onto Xi- 

Here \l//o is proportional to Xi cind j = 0, . . . ,p — 1 is the orthonormal 
basis of wavelets in the space generated by xij^ J = 0, . . . ,p — 1 of indicators of the 
maximal subbals in J. 



We have for I > J 

or equivalently 

Since 
then 

This implies 



P^, = u-\r)xlxi 



E = E Pxr, - Pxr (11) 

j=l j=0 
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Then, using (lllj) for sufficiently small balls A and B, containing x and x' corre- 
spondingly, we get 



j:^j,ix)^j,ix') = v-\A)y-\B){xA. 



j=0 



Xb) 



u-\l -l,sup{x,x')) 

I>swp{x,x') 



I>sup{x,x') 

This implies the expression (jH)) for the correlation function. Investigate, when 
this expression will be correct (i.e. when the series will converge). 
Eigenvalues of the ultrametric PDO in the basis of wavelets are 

A, = TilHl) + Y: T{J)iu{J) - u{J - 1, /)) 
J>i 

Since A/ decreases with the increasing of / (remind that we consider the case when 
all T(J) > 0), correlation function (jH)) can be divergent (infrared divergence). The 
term Ay^ increases with J, and v~^{T) decreases. 

For convergence of the series (jH)) for all x, x' it is sufficient to have convergence 
of the series 

J>R 

for fixed R (to have existence of all A/), and to have convergence of the series 

E^7' [i^-\l-i.R)-y-\l)) 

I>R 

for fixed vertex R. Moreover, it is easy to see that these conditions will also be 
necessary. This finishes the proof of the lemma. 

Lemma 14 Let conditions (0) and iflTlj) be satisfied. Then correlation function (0) 
of (0) is a positive continuous bilinear form on D{X). 

Proof Since d?)) is a sum of orthogonal projections, multiplied by positive num- 
bers, correlation function {ilj{x)tp{x')) generates positively definite quadratic form in 
the space D{X) of test functions in the case, when the series in (jH)) converge for all 
X, x', i.e when conditions Q and (fTUI) are satisfied. Moreover, this quadratic form 
will be continuous with respect to the topology in D{X) (since convergence in D{X) 
reduces to convergence in finite dimensional subspaces, generated by finite sets of 
characteristic functions of balls, and correlation function (jH} is locally constant). 
This finishes the proof of the lemma. 

Formula (jH)) gives the analytic expression for the correlation function of the so- 
lution of the stochastic equation 0. Note that the correlation function (jHj) depends 
only on sup(x,x'), i.e. on the minimal ball in X containing both x and x'. This 
property of independence of correlations on the details of the process, related to 
balls which do not intersect the ball sup(x,a:'), may be discussed as the ultrametric 
analogue of the Markov property, see also paper JJ for discussion in the p-adic case. 

The next definition describes how one can introduce Markovianity for random 
fields on ultrametric spaces. 
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Definition 15 Random field ip{x) on ultrametric space X with values in D'{X) is 
called ultrametric Markovian, if any random variables "^jIq), wliere f,g ^ 

D{X) are supported in tlie balls I and J correspondingly, 

^/(/) = J^ij{x)f{x)du{x), ^j{g) = j^i){x)g{x)dp{x) 

tlie balls I and J liave empty intersection, and at least one of the functions f and 
g has zero mean, are independent. 

Remark This is a far generalization of the Markovianity property for p-adic 
Brownian motion, considered in pp. In pP the Markovianity for the random field 
ip{x) of p-adic argument was discussed as Markov property for the sequence ip^, 
enumerated by integer 7, where 

ijjry = ilj{x)dx 
J\x\p=p'y 



Of course, definitional can also be considered when the space X is not necessarily 
ultrametric, but in this general case we will not have natural examples of such 
Markovian random fields. 

Let us formulate the main result of the present paper. 

Theorem 16 Let X be an ultrametric space (satisfying the properties 1-3), u a 
measure on X , for which measures of all balls are positive, T be positive pseudod- 
ifferential operator on this space of the form 

Tfix) = I T(sup(x,2/))(/(x) - fiy))duiy) 

and let conditions (0) and iflDj) be satisfied. 
Let <p{x) be white noise on X . 

Then the solution of the stochastic pseudodifferential equation 

TiIj{x) = <f>{x) 

is a Gaussian mean zero random field with covariation 

iWM^')) = -Km.,.')^'\^Mx,x'))+ Y1 - l,sup(x,x')) - 

I>sup{x,x') 

The corresponding Gaussian measure is a-additive on the a-algebra of weak 
Borel subsets of the space of distributions D\X). 

Proof By lemma El we can apply the Minlos-Sazonov theorem, which provides 
(j-additivity of the Gaussian measure defined by which determines the random 
field dni) taking values in D'{X). Lemma fT!^ gives the expression for the covariation. 
This finishes the proof of the theorem. 
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Theorem 1 7 Random field -0 (x) , defined in theorem ESI is ultrametric Markovian 
in tlie sense of definition [731 



Proof To prove ultrametric Markovianity we use Gaussianity of ip and the for- 
mula (jHl). By Gaussianity it sufficient to prove Markovianity for the quadratic cor- 
relation function (jH)). 

By (jHj) the correlation function is locally constant, and conditions of 

definition [121 can be proved directly. Indeed, let us compute 



f{x)g{x') {'i/j{x)'i/j{x'))dh'{x)dh'{x') 

1 1 J J 

where / is supported at the ball /, g is supported at the ball J, balls / and J do not 
intersect and at least one of the functions / and g has zero mean. Since {ip{x)ip{x')) 
is constant for x G /, a;' G J, the above correlation function reduces to 



{iIj{x)^{x')) jj{x)dv{x) J^g{x')du{x') = 

This finishes the proof of the theorem. 

Remark Markovianity property for stochastic processes of real argument, i.e. 
independence of the future on the past if the present value of the stochastic process 
is fixed, is related to the fact that real numbers are ordered. On p-adic numbers, 
and, moreover, general ultrametric spaces there is no natural order. The ultrametric 
Markovianity in the sense of definition ^1 is related to order in the directed tree of 
balls T(X). 



4 Appendix: the Minlos— Sazonov theorem 

The following material is taken from |26j . 

Definition 18 Let X , Y be conjugated linear spaces witli the pairing (-, ■) and on 
X there is a quasimeasure fi. Then the integral 

XM = J^e'^^'y^f,{dx) 

is called the characteristic functional of the quasimeasure fi, and the map n ^ Xfi 
is called the Fourier transform of the quasimeasure. 

The following is the Minlos-Sazonov theorem. 

Theorem 19 Let X be nuclear locally convex space. For the function to be 
a characteristic functional of some nonnegative Radon measure on the space X'^ it 
is sufficient, and if X is barrelled (tonnele), also is necessary, that the function x{x) 
is positively defined and continuous in zero in the topology of the space X. 
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Definition 20 The correlation form of nonnegative cylindric measure /i with finite 
second moments 

/ \{y, ^{dy) < oo, xeX 
Jx' 

is the bilinear functional on X , defined by the expression 

B^{xi,X2)= {xi,y){x2,y)^{dy) 
Jx' 

Theorem 21 If the correlation form B^{x,y) of the cylindric measure fi in the 
space X' is continuously defined in the nuclear topology ts{X), then /i is a-additive 
in X'. 



Acknowledgements 

The authors would like to thank l.V.Volovich and A.Kh.Bikulov for fruitful dis- 
cussions and valuable comments. This paper has been partly supported by EU- 
Network " Quantum Probability and Applications" . One of the authors (S. V.Kozyrev) 
has been partly supported by The Russian Foundation for Basic Research (project 
05-01-00884-a), by the grant of the President of Russian Federation for the support of 
scientific schools NSh 1542.2003.1, by the Program of the Department of Mathemat- 
ics of Russian Academy of Science "Modern problems of theoretical mathematics", 
by the grant of The Swedish Royal Academy of Sciences on collaboration with scien- 
tists of former Soviet Union, and by the grants DFG Project 436 RUS 113/809/0-1 
and RFFI 05-01-04002-NNIO-a. 



References 

[1] A. Kh. Bikulov and I. V. Volovich, p-Adic Brownian motion, Russ.Mafh.Izv. 
61 (3) (1997) 537-552. 

[2] V. S. Vladimirov, 1. V. Volovich and Ye. I. Zelenov, p-Adic analysis and mathe- 
matical physics (World Scientific, Singapore, 1994). (Russian Edition: Moscow, 
Nauka, 1994). 

[3] O. G. Smolyanov and S. V. Fomin, Measures on linear topological spaces, Us- 
pekhi Mathematics 31 (4) (1976) 3-56. 

[4] A.Yu.Khrennikov, S. V.Kozyrev, Wavelets on ultrametric spaces. Applied and 
Computational Harmonic Analysis, Volume 19, 2005, P. 61-76 

[5] A. Yu. Khrennikov and S. V. Kozyrev, Pseudodifferential operators on ultra- 
metric spaces and ultrametric wavelets, Russian Math. Izv.. 2005. V.69.N.5. 
|http://arxiv.org/abs/math-ph/ 0412062| 

[6] S. V. Kozyrev, Ultrametric pseudodifferential operators and wavelets for the 



case of non homogeneous measure, http : / / arxiv .org/ abs /math-ph / 04 1 2 082 



13 



S. V. Kozyrev, Wavelet analysis as a p-adic spectral analysis, Russian Math. 
Izv. 66 (2) (2002) 367. htt p://arxiv.org/abs/math-ph/0012019, 

J. J. Benedetto and R. L. Benedetto, A wavelet theory for local fields and related 
groups, The Journal of Geometric Analysis 14 (3) (2004) 423-456. 

R. L. Benedetto, Examples of wavelets for local fields. 



|http: / /arxiv .org/matir CA/abs/ 0312038' 

S. V. Kozyrev, p-Adic pseudodifferential operators and p-adic wavelets, Theor. 



Math. Physics 138 (3) (2004) 322-332. |http://arxiv.org/abs/mat h-ph/0303045| 



S. V. Kozyrev, p-Adic pseudodifferential operators: methods and applications. 
Proceedings of the Steklov Math. Inst. 245 (2004) 154-165. 

S.V. Kozyrev, V.Al. Osipov, V.A. Avetisov, Nondegenerate ul- 
trametric diffusion, J. Math. Phy s. 2005. V.46. R063302-063317. 
|http: / / arxiv.org/abs/cond-mat / 0403440| 

I. V. Volovich, p-Adic String, Class. Quantum Gravity, 4 (1987) L83-L87. 

L. Brekke, P. G. O. Freund, M. Olson and E. Witten, Non-archimedian string 
dynamics., Nucl. Physics B 302 (1988) 365-402. 

V. A. Avetisov, A. Kh. Bikulov and S. V. Kozyrev, Application of p-adic anal- 
ysis to models of spontaneous breaking of replica symmetry. Journal of Physics 
A 32 (1999) 8785-8791. http://xxx.lanl.gov/abs/cond-mat/9904360, also in 
Proceedings of the Conference "Quantum Theory: Reconsideration of Founda- 
tions", 17-21 June 2001, Vaxjo, Sweden, ed. A.Khrennikov (Vaxjo University 
Press, 2002). 

G. Parisi and N. Sourlas, p-Adic numbers and replica symmetry breaking, Euro- 
pean Phys. J. B 14 2000 535-542. |htt p://xxx .lanl.gov/abs/cond-mat/9906095 

I. Ya. Aref 'eva, B. Dragovic, P. Frampton and I. V. Volovich, Wave function 
of the universe and p-adic gravity. Mod. Phys. Lett. A, 6 (1991) 4341-4358. 

A. Khrennikov, p-Adic valued distributions in mathematical physics (Kluwer 
Academic Publ., Dordrecht, 1994). 

A. Khrennikov, N on- Archimedean Analysis: Quantum Paradoxes, Dynamical 
Systems and Biological Models (Kluwer Academic Publishers, 1997). 

A. N. Kochubei, Pseudo -Differential Equations and Stochastics over Non- 
Archimedean Fields (New York: Marcel Dekker, 2001). 

A. Khrennikov, p-Adic discrete dynamical systems and their applications in 
physics and cognitive sciences, Russian Journal of Mathematical Physics 11 (1) 
(2004) 45-70. 



14 



[22] A. J. Lcmin, The category of ultra-metric spaces is isomorpic to the category of 
complete, atomic, tree-like and real graduated lattices LAT, Algebra universalis 
50 (1) (2003) 35-49. 

[23] A. Khrcnnikov, Classical and quantum mental models and Freud's theory of 
unconcious mind (Vaxjo University Press, 2002). 

[24] J. P. Serre, Trees (New York, Berlin: Springer Verlag, 1980). 

[25] H. H. Schaefer, Topological Vector Spaces (New York: Springer Verlag, 1999). 

[26] Yu. L. Dalecky and S. V. Fomin, Measures and differential equations in infinite 
dimensional spaces (Dordrecht: Kluwer Acad. Publ., 1991); (see also Moscow: 
Nauka, 1983, in Russian). 



15 



